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We find that, under certain condition, a quantum dot with odd number of electron and coupled
to two leads can be described by a non-equilibrium 2-channel Kondo model, when the two leads
has a large voltage bias between them. The model is exactly soluble and can be mapped into a free
fermion system, even in the presence of external magnetic field and other relevant perturbations. All
(dynamical) correlation functions can be calculated. The fixed point of the 2-channel Kondo model
is a non-equilibrium fixed point and is different from the usual 1-channel and 2-channel Kondo fixed
point.
PACS numbers: 73.23.-b, 71.10.Pm
In a recent experiment, Goldhaber-Gordon etal [1] and
Cronenwett etal [2] observed a Kondo effect in quantum
dot systems predicted by theories. [3–10] The Kondo ef-
fect in quantum dot systems is very interesting since
many parameters can be adjusted, which allow us to
probe many different regime/aspects of the Kondo ef-
fects.
In this paper we are going to study the Kondo effect
in quantum dot systems in the limit where the charge
fluctuations on the dot can be ignored, and when there
is a large voltage bias across the two leads. Under cer-
tain conditions as will be indicated bellow, the properties
of the system is described by a 2-channel Kondo model,
with non-equilibrium effect included as a perturbation.
This 2-channel Kondo model can be solved exactly us-
ing a Majorana fermion approach even in the presence
of some relevant perturbations, such as finite tempera-
tures, finite magnetic fields, non-equilibrium tunneling
between leads, and finite changes in the relative strength
of the coupling between the two leads and the dot. Many
properties of the system (including dynamical proper-
ties) can be calculated exactly. The fixed point of the 2-
channel Kondo model studied here is a non-equilibrium
fixed point which is different from the usual 2-channel
Kondo fixed point. For example the dot-spin correlation
behaves as t−2 here instead of t−1 for the usual 2-channel
Kondo fixed point.
We start with the following model Lagrangian for the
quantum dot
L = iψ†iα(∂t + v∂x + i
1
2
eV τ3ij)ψjα − h · Sδ(x)
−2λδ(x)S · (u∗ψ†1α + v∗ψ†2α)
σαβ
2
(uψ1β + vψ2β) (1)
where V is the voltage difference between the first and
the second lead, and h is the coupling of external mag-
netic field to the dot-spin. Note that the spin-up and the
spin-down Fermi surfaces in the leads remains to have
the same energy even in the presence of external mag-
netic field, thus there is no coupling between the external
magnetic field and the lead-spins in our model. λu and
λv describe the strength of coupling between the dot and
the two leads.
After redefine the ψ field in Eq. (1): ψiα →
e−i
1
2
eV τ3ijtψjα, the above Lagrangian can be rewritten as
L = LKnd + Lt + Lh (2)
LKnd = iψ†iα(∂t + v∂x)ψjα
−2λδ(x)S ·
(
|u|2ψ†1α
σαβ
2
ψ1β + |v|2ψ†2α
σαβ
2
ψ2β
)
(3)
Lt = −2λtδ(x)S ·
(
eieV tu∗vψ†1α
σαβ
2
ψ2β + h.c.
)
(4)
Lh = −h · Sδ(x) (5)
where λt = λ. We see that the finite bias is described by
a time dependent term after the mapping. λt is the am-
plitude of the spin-flip tunneling between the two leads,
and λ is the spin-exchange coupling between the dot-spin
and the lead-spins.
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FIG. 1. The tunneling can be reduced by a change in the
density of state.
The above system is a 1-channel Kondo system when
eV = 0 since λt = λ. However, when eV is large, the
spin-exchange term and the spin-flip tunneling term be-
come very different. If one can make λt ≪ λ in the large
eV limit, then the system becomes a 2-channel Kondo
problem. One way to reach this limit is to use the energy
dependence of the density of states. For example, one
may use n-type semiconductor as one lead and p-type as
the other lead (ie put the quantum dot in the depletion
layer of a diode). When eV > EF , we have λt ≪ λ since
the tunneling is blocked (see Fig. 1). Certainly, to see
the Kondo effect, we need EF to be less then the level
spacing in the dot.
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Even when λ = λt at high energies, we can effectively
have λ > λt at low energies. This is because at energy
scales above eV , the system is a 1-channel Kondo sys-
tem, and λ and λt flow together to larger values as we
lower the energy scale. When energy scales are less then
eV , λt can no longer flow. If the value of λt is small
enough at eV (ie if eV ≫ TK where TK is the 1-channel
Kondo temperature for eV = 0), the system behave like
a 2-channel Kondo system and λ can continue to flow to
even larger values as we lower the energy scales further.
Thus at low energies, we effectively have λt > λ. How-
ever, since λ and λt flow as ln(E), it may be difficult to
achieve λ≫ λt at low energies.
When λt ≪ λ (at low energies), we may first set
λt = 0, and study the 2-channel Kondo problem de-
scribed by LKnd. The 2-channel Kondo system LKnd
has a 2-channel Kondo fixed point, which can be reached
by tuning the relative strengths of the couplings between
the dot and the two leads to |u|2 = |v|2, and lowering the
temperature below a 2-channel Kondo temperature T2K .
Then, we can include back the Lt term to study its effect
on the 2-channel Kondo fixed point. As we will see later
that, at the fixed point, the effects of the Lt term (as well
as many other terms, such as the coupling of dot-spin to
the external magnetic field) can be calculated exactly.
In the following we are going to introduce a Majo-
rana fermion approach (which is a combination of the
current algebra approach in Ref. [11,12] and the Majo-
rana fermions approaches in Ref. [14,13,15]) to solve the
2-channel Kondo fixed point. The Majorana fermion ap-
proach used here has a full spin rotation symmetry, and
is similar to the one used in Ref. [16]. The 2-channel
Kondo Hamiltonian is given by
H = Hf +HK = iv
∫
dx
(
ψ†iα∂xψiα + λJs(0) · S
)
(6)
where Hf is the free fermion Hamiltonian. The above
2-channel Kondo system flows to a fixed point with cou-
pling λ = λ0 ≡ πv. In the rest of the paper we are going
to only consider physics at energy scale much lower then
the Kondo temperature T2K and concentrate on the fixed
point Hamiltonian with λ = λ0.
Introducing the charge Uc(1), spin SUs(2), and flavor
SUch(2) densities (we will call the SUch(2) quantum num-
bers as flavors):
J = ψ†iαψiα, Js = ψ
†
iα
σαβ
2
ψiβ , J
A
f = ψ
†
iα
τAij
2
ψjα. (7)
we can rewrite the 2-channel Kondo Hamiltonian as
Hf =
πv
4
J2 +
πv
2
J2s +
πv
2
(JAf )
2
HK = λδ(x)S · Js (8)
Introducing J˜s(x) = Js(x) + δ(x)S which satisfies the
same algebra as Js, [11] we can rewrite the above Hamil-
tonian as
H2CK =
πv
4
J2 +
πv
2
J˜
2
s +
πv
2
(JAf )
2 + const. (9)
if λ = λ0. In terms of J˜s, the 2-channel Kondo Hamilto-
nian at the fixed point λ = λ0 takes the same form as a
free fermion Hamiltonian.
In the following, we are going to use Majorana fermions
to describe our 2-channel Kondo system. Introduce eight
Majorana fermions
√
2Reψc,
√
2Imψc, η
A
f |A=1,2,3 and
ηas |a=1,2,3, [13] where ψc carries
√
2 unit of the Uc(1)
charges, ηAf |A=1,2,3 form a flavor triplet and ηas |a=1,2,3
a spin triplet. The free Hamiltonian Hf can be rewritten
as
Hf = iv
∫
dx
(
ψ†c∂xψc +
1
2
ηAf ∂xη
A
f +
1
2
ηas∂xη
a
s
)
(10)
The free theory is described by the SUs(2)2×SUch(2)2×
Uc(1) KM algebra. In terms of the Majorana fermions,
the currents Jc, Js, and J
A
f take the form Jc =
√
2ψ†cψc,
Jas = ǫ
abcηas η
b
s/2, and J
A
f = ǫ
ABCηAf η
B
f /2.
Let us concentrate on the spin part described by
Hs = iv
∫
dx
1
2
ηas∂xη
a
s (11)
Assume the system is finite −L/2 < x < L/2, and ηas
satisfy the anti-periodic boundary condition: ηas (x) =
−ηas (x + L). In this case the ground state |0〉 is a spin
singlet. The total Hilbert space contains two sectors:
Hs = Hs0 ⊕Hs1. Hs0 containing even number of fermions
is the space generated from |0〉 by applying any number
of the Js operators, while Hs1 containing odd number of
fermions is generated by applying any number of the Js
operators and one ηas operators.
Now let us add the Kondo term HK at the critical cou-
pling λ0. The spin part is still described by the SUs(2)2
KM algebra in terms of the new SUs(2) current J˜s. No-
tice that HK conserves the even-odd fermion numbers.
Thus the total Hilbert space still contains two sectors:
Hs = Hs1/2 ⊕ Hs′1/2, where Hs1/2 (or Hs′1/2) carries even-
number (or odd-number) of fermions. The system can
be solved using KM algebra. The ground states in each
sector carry spin 1/2 due to the added dot-spin. All the
states in each sector are generated by applying J˜s’s on
the corresponding ground states and the states in Hs1/2
and Hs′1/2 have a one-to-one correspondence. We see that
the Kondo coupling induces the following simple changes
in the Hilbert spaces: [12]
Hs0 → Hs1/2, Hs1 → Hs′1/2 (12)
We can introduce new Majorana fermions to represent
the new SUs(2) current: J˜
a
s =
1
2ǫ
abcη˜as η˜
b
s. η˜
a
s carry
odd fermion numbers and map between even- and odd-
fermion sector. When x 6= 0, η˜as (x) = sgn(x)ηas (x).
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Note that the total Hilbert space at the fixed point has
a structure Hs = Hs1/2 ⊗ {|0〉, |1〉}. We can introduce a
fermion operator d† that map the even-fermion state |0〉
to the odd-fermion state |1〉: |1〉 = d†|0〉. Note that d
and d† commute with J˜s, and do not appear in the fixed
point Hamiltonian (which contains only J˜s). Thus d is
a free fermion operator which carries no energy. Using
the commutation relation (which actually defines a spin
triplet primary field)
[J˜as (x), S
b] = iǫabcδ(x)Sc (13)
and the fact that S carry even-fermion numbers, we find
that the dot-spin operator S is given by
S =
√
a
2
bˆη˜s(0) (14)
where bˆ = d + d†. The normalization coefficient is ob-
tained by noticing that {η˜as (0), η˜bs(0)} = δabδ(0) and
δ(0) = 1/a if we choose a finite short distance cut-off
a. With the fixed point Hamiltonian
Hs +HK = iv
∫
dx
1
2
η˜as∂xη˜
a
s (15)
we can now easily calculate the S correlation.
Now let us add back the non-equilibrium tunneling
term Lt and include the channel asymmetry term
S · ψ†iα(0)τ3ijσαβψjβ(0) (16)
Both terms are spin singlet and flavor triplet. Thus the
leading contribution to those operators at the 2-channel
Kondo fixed point comes form the flavor triplet primary
fields which have dimension 1/2. To obtain the Majorana
fermion representation of the flavor triplet primary fields,
let us analyze the Hilbert space of the spin and the flavor
sectors (with zero-charge). Without the Kondo coupling,
the Hilbert space has a form Hsf = Hs0⊗Hf0 ⊕Hs1⊗Hf1 ,
where Hs0,1 are defined above for the spin sector, and
Hf0,1 are defined similarly for the flavor sector. The sec-
torHs0⊗Hf0 (orHs1⊗Hf1 ) is generated by Jas and JAf from
|0〉 (or ηasηAf |0〉 ∼ ψ†iασaαβτAijψjβ |0〉). After we include the
Kondo coupling, according to Eq. (12), the Hilbert space
becomes Hsf = Hs1/2 ⊗ Hf0 ⊕ Hs′1/2 ⊗ Hf1 . The above
structure of the Hilbert space tells us that the spin triplet
Majorana fermion operator η˜as are unphysical since they
map a state in Hs1/2 ⊗Hf0 to a state in Hs′1/2⊗Hf0 which
is outside of our physical Hilbert space. Similarly the
flavor triplet Majorana fermion operator ηAf are also un-
physical. The only physical spin triplet primary fields
are S and the only physical flavor triplet primary fields
are bˆηAf . We note that the flavor triplet primary fields
are quadratic in the fermion operators. Our model for
the fixed point remains to be a free fermion theory even
after we include the relevant perturbations represented
by bˆηAf . This allows us to study exactly the effect of Lt
term and the channel asymmetry term on the 2-channel
Kondo fixed point.
More generally, we find the following exactly soluble
model
H = H2CK +Ha +H
′
a
+Ht +H
′
t +Hh +H
′
h +H
′
fs (17)
H2CK = −iv
∫
dx
(
ψ†c∂xψc + η
A
f
∂x
2
ηAf + η˜
a
s
∂x
2
η˜as
)
(18)
Ha = iγabˆη
3
f (0) (19)
H ′a = γ
′
aiǫ
3ABηAf (0)η
B
f (0) (20)
Ht = i
1√
2
γte
ieV tbˆψ†f (0) + h.c. (21)
H ′t = i
1√
2
eieV tψ†f (0)
(
γ′tfη
3
f (0) + γ
′
tsη
3
s (0)
)
+ h.c. (22)
Hh = ibˆγs · η˜s(0) (23)
H ′h = γ
′a
s iǫ
abcηbs(0)η
c
s(0) (24)
H ′fs = iγ
aA
fs η
A
f (0)η
a
s (0) (25)
where ψf = (η
1
f − iη2f )/
√
2 and γs =
√
a
2 h. This
Hamiltonian describes what we call the non-equilibrium
2-channel Kondo model. H2CK in H describes the 2-
channel Kondo fixed point. All other terms represent
relevant or marginal perturbations around the 2-channel
Kondo fixed point. Ha and H
′
a are induced by the asym-
metry in the coupling between the channel spins and the
dot-spin. Ht and H
′
t are the non-equilibrium tunneling
terms caused by the finite voltage bias between the two
channels. Ht corresponds to the spin-flip tunneling de-
scribed by Lt and H ′t corresponds to the direct tunneling
described by ψ†1αψ2α + h.c. and ψ
†
1ασ
3
αβψ2β + h.c. Hh is
the coupling between a magnetic field h and the dot-spin
S.
To calculate the physical properties of the above sys-
tem we also need to specify the “boundary” condition,
ie how incoming fermions are distributed. The bound-
ary condition here is that all income branches contain no
Majorana fermions, ie all k > 0 levels are empty.
Next we simplify the Hamiltonian using the transfor-
mation ψf (x, t) → eieV (t+v−1x)ψf (x, t) which changes
the eV in H to zero. However, the transformation
also changes the boundary condition for the incoming
branches: ψf is now filled up to energy eV , but the
k > 0 levels for all other Majorana fermions remain to
be empty.
For simplicity, let us drop the sub-leading terms H ′’s.
Among the eight Majorana fermions in H (now with
eV = 0) only one linear combination couples to bˆ:
Hb =
∫
dx (−iv)ηb ∂x
2
ηb + iγbˆηb(0) (26)
where
3
ηb = γ
−1[γaη3f +Re(γt)η
1
f + Im(γt)η
2
f + γsη˜s] (27)
γ =
√
γ2a + |γt|2 + γ2s (28)
The equation of motion are [17]
∂tηb(x, t) = −v∂xηb(x, t) − γbˆ(t)δ(x) (29)
∂tbˆ(t) = −2γηb(0, t) = −γ(ηb(0+, t) + ηb(0−, t)) (30)
If we expand η(x) =
∑
k η−(k)e
ikx for x < 0 and η(x) =∑
k η+(k)e
ikx for x > 0, then the scattering is simply an
energy dependent phase shift: η+(k) = e
iφkη−(k) where
eiφk =
iv2k − γ2
iv2k + γ2
(31)
This allows us to determine how the eight Majorana
fermions, (η1, ..., η8) = (
√
2Reψc,
√
2Imψc, η
A
f , η˜
a
s ), scat-
ter across the d level at x = 0:
ηI+(k) = MIJηJ−(k), M = 1 + (eiφk − 1)γIγJ
γ2
(32)
where (γ1, ..., γ8) = (0, 0,Re(γt), Im(γt), γa, γ
1
s , γ
2
s , γ
3
s ),
and ηI±(k) are the Fourier components of ηI(x) for x > 0
and x < 0. The large phase shift φk = π at k = 0
indicates a resonance at the Fermi level. This setup al-
lows us to easily calculate the total tunneling current [17]
It = ev
∫
dk
2π
〈
ψ†f+(k)ψf+(k)− ψ†f−(k)ψf−(k)
〉
. We find
that
It = e
∫
dk
2π
v|γt|2
(|γt|2 + γ2a + γ2s)2 + v4k2
×
[
(|γt|2 + γ2s + γ2a)(n(vk + eV )− n(vk − eV ))
]
(33)
where n(ǫ) = 1/(eǫ/T+1). Unfortunately It having a very
smooth dependence on V cannot reveal the resonance at
the Fermi surface when eV is large. One need to use the
noise in It near ω = eV to probe the resonance. [18]
The effect of H ′ is to generate additional energy in-
dependent rotations among ηI ’s. It changes M to M =
1 + (eiφk − 1)γ+I γ−J , where γ± are two unit vectors.
The equation of motion for bˆ also implies that bˆ =
−i ∫ dk2π γvk (1 + eiφk)η−(k) which satisfies bˆ2 = 1. This
expression allows us to calculate the response function
iDf(t) = Θ(t)
〈
[F 3(t), F 3(0)]
〉
where F 3 is the chan-
nel asymmetry operator F 3 = ibˆη3f (which comes from
Eq. (16)). We find that (assuming γa = γs = 0 and
eV →∞ for simplicity)
ImDf (ω) =
1
2πv
∫
dν
γ2v−1
ν2 + γ4v−2
(n(ν − ω)− n(ω − ν))
Df (ω) = − 1
π
∫
dν
ImDf (ν)
ω − ν + i0+ (34)
Assume γa depends on a gate voltage Vg which control
the strength of coupling between the dot and the leads.
Changing Vg will generate a term ∆Vg
dγa
dVg
F 3 in Hamil-
tonian. Thus Q = dγadVgF
3 is the charge operator that
couples to Vg. The induced charge is
Q(ω) =
(
dγa
dVg
)2
Df (ω)∆Vg(ω) (35)
We see that C =
(
dγa
dVg
)2
ReDf(ω) is the capacitance,
and σ = ω
(
dγa
dVg
)2
ImDf(ω) is the conductance in paral-
lel with the capacitance. We find that, for ω > γ2v−1,
C ∼ ln(T2K/ω) and σ ∝ ω, while for ω < γ2v−1,
C ∼ ln(vT2K/γ2) and σ ∝ ω2. Measuring C and σ by
applying an AC component in the gate voltage Vg may
allow us to probe the resonance associated with the fixed
point. The behavior for ω > γ2v−1 is the behavior for
usual 2-channel Kondo fixed point.
Similarly we can also calculate the dot-spin correlation
exactly. In the presence of the Lt term, the correlation for
dot-spin has the usual 2-channel Kondo behavior 1/t for
t < v/γ2, and crosses over to 1/t2 behavior for t > v/γ2.
We would like to repeat that all of the above results
are valid only when γ2/v and T are much less than the
Kondo temperature T2K .
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